Rainbow structures in rotationally elastic and inelastic differential cross sections in atom--diatom collisions are investigated by comparison of three model potential energy surfaces labeled I, II, and III which are represented by V(R,r) = Vo(R) + Vl(R)Pl(COS r). The cross sections are calculated within the quantal infinite·order-sudden (lOS) approximation. The anisotropic part V l is the same for all potentials and purely repulsive. The isotropic part Vo for potential I is also repulsive and the differential cross sections show the well-studied rotational rainbow structures. Structural changes occur for collisions in potential II and III which have Vo terms being attractive at intermediate and large atom-molecule separations and having well depths of 10% and 25% of the collision energy, respectively. For example, the elastic cross section has no classical rainbow in the case of potential I but three in the case of potential III. The rainbow structures are analyzed within the classical and semiclassical versions of the lOS approximation and interpreted in terms of catastrophe theory. The quantitative comparison of the classical with the quantal lOS cross sections manifests possible quantum effects, i.e., tunneling into nonclassical regions and interference effects due to the superposition of several contributions (up to six in the present study). They can be very prominent and thus we conclude that much caution is needed if experimental data are compared with classical calculations. The accuracy of the lOS approximation is tested by comparison of classical lOS cross sections with cross sections obtained from exact classical trajectory calculations. The agreement is generally good with the exemption of the rainbow region and small angle, rotationally elastic scattering.
I. INTRODUCTION
Rainbows in differential cross sections are one of the most interesting features of atomic and molecular collisions. Because of the intimate correlation between the rainbow structures and the intermolecular forces, their experimental resolution offers a practical approach to the determination of the intermolecular potential, which in many cases cannot be obtained from first prinCiples. The determination of potential curves from elastic scattering data is now routinely performed, 1 whereas very little work has been done for the next level of complication, i. e., rotationally inelastic atom-rigid diatom scattering. 2 ,3 A detailed understanding of rainbows in rotationally inelastic differential cross sections will certainly aid direct inversion of experimental data to obtain the potential energy surfaces. It is the aim of this article to deepen the understanding of rotationally inelastic scattering by analyzing dynamical calculations on different levels of accuracy uSing various model potentials.
Classically, rainbow singularities in rotationally elastic and inelastic differential cross sections arise as a result of zeros of the Jacobian determinant J(L, y) is the final angular momentum of the molecule, i. e., the classical excitation function. 1 Both quantities depend on the orbital angular momentum L and the initial value of the molecular orientation angle y, which can be regarded as the conjugate coordinates of 0 and J. For simplicity only in-plane scattering is considered. As stressed by Thomas B it is not, in general, possible to classify rainbows into types according to which derivative in Eq. (1) is zero, because the full determinant vanishes at a rainbow point in the (O,J) space.
However, if the second term in Eq. (1) is small compared to the first one, rainbows are either due to extrema of the deflection function as a function of the orbital angular momentum (aO/aL = 0) or due to extrema of the excitation function as a function of the orientation angle (aJ/SY = 0).9,10 The first rainbow type is well known from isotropiC atom-atom scattering and is caused by the attractive part of the interaction potential. 11 It is absent if the potential is purely repulsive. The second type is called a rotational rainbow and occurs only in rotationally inelastic differential cross sections. Rotational rainbows have been observed experimentally only in recent years. For a detailed overview of both theory and experiment see the article of Schinke and Bowman. 12 to whether this classification is possible for any particular collision system. From experience we know that the off-diagonal terms in Eq. (1) can be neglected if the collision is impulsive (high collision energies, heavy atoms, large scattering angles) and if the depth of the attractive well is small compared to the collision energy. Systems belonging to this category are K-N2' CO,13 X-N~ (X= He, 14 Ne, 15, 16 and Ar15, 17) , and D2-CO. 18 The systems He_N~19, 20 and Ne-Na 2 21 have been theoretically investigated and the detailed comparison between theory and experiment is very satisfactory. 19,22 The (average) potential well depth estimated from accurate configuration interaction calculations is about 0.1 meV for He_Na219 and about 0.3 meV for Ne-N 2 . 21
In contrast to these systems a classification into different rainbow types is, in general, not possible for ionic interactions although there may be an exemption in the region of large scattering angles. Two examples which have been investigated experimentally are Lt-N2 and CO. 23 The potentials for these systems have a long range attractive part which, in addition, is strongly anisotropic such that the two terms in Eq. (1) can be similar in magnitude, especially for large orbital angular momenta L. Although there has been conSiderable effort directed towards reproducing the experimental data using approximate dynamical calculations and ab initio potential surfaces,24-28 success has been only very limited up to now. One reason is definitely the inherent inability of the classical mechanics used in most of these studies to describe quantum effects which are obviously important in the rainbow region. 29
With the present article we try to shed new light on the analysis of rainbow structures in inelastic differential cross sections. This work is meant to be a first step from collision systems with purely repulsive potential surfaces towards the more complex case where the potential surface is repulsive at short intermolecular distances and attractive at large atom-molecule separations. Our strategy is the following: We perform scattering calculations using three different model potentials. The first potential is purely repulsive such that the differential cross sections exhibit the familiar rotational rainbow structures which have been thoroughly investigated in recent years, both experimentally and theoretically. 12 The other two potentials are altered such that they are attractive at intermediate and large distances. To simplify the analysis, only the isotropic part of the potential, i. e., the Vo(R) term of an expansion into Legendre polynomials, is varied, whereas the anisotropic part is the same in all three cases. Obviously, with this choice of potential we are still far away from the most general case where the higher order expansion terms are also attractive and thus induce rotational transitions at rather large impact parameters, as in the Lt -CO system, for example.
The scattering calculations are performed on three levels of accuracy including the quantal and the classical infinite-order-sudden (lOS) approximation and exact classical trajectory calculations. Comparing the classical lOS with the exact trajectory cross sections allows us to test the accuracy of the lOS approximation. On the other hand, the comparison of the quantal and the classical lOS cross sections manifests possible quantum effects.
The article is organized as follows. The model potentials are discussed in Sec. II and the three dynamical approximations are briefly outlined in Sec. III. The quantal lOS cross sections for the three potential surfaces are presented and compared with each other in Sec. IV. The analysis of rainbows in the rotationally elastic and inelastic differential cross sections in terms of the classical lOS approximation is presented in Sec. V, and Sec. VI contains the comparison between the various scattering approximations only, however, for that potential surface which has the deepest well. All calculations are performed at a collision energy of E = 100 meV.
II. MODEL POTENTIALS
The model potentials are represented by
where R = IR I is the atom-molecule separation and y is the angle between R and the molecular axis. The Legendre expansion coefficients Vo and V 2 are defined by (3) for A = 0 and 2. The potential in Eq. (2) is appropriate for a homonuclear diatomic target molecule. As indicated in the introduction, scattering calculations will be performed using three different potentials which we will label by I, II, and III. Potential I is chosen to be purely repulsive, i. e., B~:: ~ = 0, and the remaining coefficients A~ and A~ are chosen to roughly represent the He-N~ potential energy surface. 19 The other two potentials differ from I in that the isotropic part becomes attractive at large distances and so both have a well at intermediate atom-molecule separations. However the 'Y dependence V 2 is the same in all cases with A~ ::'A~I = A~II = 2. 5 X 10 3 eV'A 8 and ~ :: ~I = ~II = O. The other nonzero coefficients are listed in Table I .
The Vo terms for I, II, and III are plotted vs R in Fig.  1 . The parameters in Table I are set such that Vo is equal to the collision energy of E = 100 meV at a distance R which is the same (R = 3.55 .A) in all three cases. The solid curve in Fig. 1 also represents the common V 2 (R) term. The well depths are 10 and 25 meV for potentials II and III, respectively, i. e., 1~ and 25% of the collision energy.
III. DYNAMICAL CALCULATIONS
Degeneracy-averaged differential and integral cross sections for rotationally elastic. and inelastic transitions are calculated using three different approximations: The quantal lOS apprOXimation, 30,31 the classical lOS approximation, 7,32,33 and exact classical trajectory calculations. 34 The reduced mass is that of the He-Na2 system. This is consistent with the fact that potential I roughly represents the potential energy surface for this system. 19 All scattering calculations are performed for an initial kinetic energy of E = 100 me V. A description of the exact classical trajectory calculations as used in this study has been given elsewhere 32 ,35 and will not be repeated here. Details of the calculations such as the total number of trajectories, however, will be given in the discussion.
In the lOS approximation the final orbital angular momentum has been chosen to be the average orbital angular momentum. This choice yields the Simplest expression for the rotationally elastic and inelastic scattering amplitudes 36 but has the disadvantage of describing the phase of the diffraction oscillations incorrectly if the momentum transfer Aj is odd. 37 This shortcoming is of minor interest to us because here we are considering only homonuclear molecules, i. e., even Aj. In addition, the diffraction oscillations are very narrow for the present model systems and contain much less information about the potential energy surface than, for example, the rainbow structures which are the main objects of this study.
It is our goal to analyze structures in detailed differential cross sections calculated within well defined dynamical approximations. Therefore, we have to ensure that the conditions for the underlying approximations are satisfied. The basic assumptions made within the lOS approximation are the energy sudden (ES) and the centrifual sudden (CS) approximation. 31 Recalling the excellent agreement between experiment and quantal lOS theory for He-Na2, 19 and likewise for NeNa2, 16,22 we are confident that in general both are correct for these systems with mainly repulsive potential energy surfaces which are similar to potential I as defined in Sec. II. for Na239) this corresponds to 0 -j' transitions with j' ~ 22. As we shall see in the next section the cross sections for these transitions are extremely small and of no particular interest for our present purposes. This is true for all surfaces regardless of whether Vo has an attractive well or not.
More caution is needed in the CS apprOXimation, especially if long range forces are present as for potentials II and III. A rigorous test is only possible by comparison with exact close-coupling calculations which, however, are almost impossible to perform when many rotational states have to be included in the rotational basis set. Generally, the CS condition is assumed to be fulfilled 40 (a) if the colliSion energy is much larger than the well depth (in the present case we have Elvo (R ml ,) 2! 4); (b) if the forces inducing rotational transitions are short ranged; and (c) if the impact parameter [b"" Llk, k = (2J.LE)1/2 being the wave number] is less than the claSSical turning point. All of these conditions seem to be sufficiently well satisfied for the present calculations 41 and we are confident that the quantal lOS cross sections, in at least their gross features, are correct.
Nevertheless we will try to make these qualitative conSiderations quantitative and we will compare cross sections obtained within the claSSical version of the lOS approximation with those obtained from exact classical trajectory calculations. This has been done in a recent article 32 for a purely repulsive potential energy surface and excellent agreement was reported. While such a comparison tests the ES and the CS conditions for the various potentials the comparison of the quantal and the classical lOS cross sections allows us to test whether quantum effects are prominent or negligible. In the following we will briefly review the basic formulas of the classical lOS version which will playa central role in the subsequent rainbow analysis in Sec. V.
The lOS approximation reduces the problem to quasielastic scattering from a 'Y-dependent potential, where the orientation angle 'Y is fixed during the col-
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scattering angle e [deg.) lision. The deflection function is given by the wellknown expression
where L is the orbital angular momentum and j.L is the reduced mass of the system. The final rotational momentum of the molecule-which is assumed to be zero initially-is given by7
the so called excitation function. The classical lOS differential cross section for a 0 -j' transition and scattering angle 8 is given by 7,32
where II runs over all trajectories specified by a set (L.,y.) which lead to the same scattering angle
and a molecular rotational quantum number j' which is related to the excitation function J by
The classical lOS integral cross section can be obtained by integrating Eq. (6) numerically, or-more conveniently-by Monte Carlo sampling of
where J(L,y) is given by Eq. (5). The necessity of numerically calculating a large set of trajectories is avoided in the classical lOS approximation because both 9(L, y) and J(L, y) are given by one-dimensional integrals.
IV. QUANTAL lOS CROSS SECTIONS
Rotationally elastic and inelastic differential cross sections calculated within the quantal lOS approximation for potentials I through III are presented in Figs. 2-7, as a function of scattering angle. Let us start the discussion with the cross sections obtained from the purely repulsive potential I. They exhibit the typical rotational rainbow structures which have been described extensively in previous studies. 12 Briefly, an inelastic 0 -j 1 cross section rises steeply out of the forward direction, reaches a distinct maximum somewhat above the so-called rotational rainbow at an angle 9 max {j/) and declines relatively slowly into the backward quantum mechanical superposition principle, i. e., the interference of waves associated with different classical trajectories leading to the same scattering angle and rotational momentum transfer. 42 With increasing inelastiCity j' the rotational rainbow shifts to larger angles and, simultaneously, the supernumeraries successively disappear in the backward direction. The largest transitions, j' ? 18 in the present case, are classically forbidden over the entire range of scattering angles and the corresponding cross sections rise monotonically from small to wide scattering angles. The elastic 0 -0 transition is classically allowed at any angle and consequently the main rotational rainbow maximum does not exist. However, two supernumeraries are observed. The 0 -2 transition is classically forbidden only in an extremely small angular region in the forward direction and the main rotational rainbow maximum is buried under the forward diffraction peak. All cross sections show indications of very narrow diffraction oscillations below (}:S 10°.
The general angular behavior of the differential cross sections is dramatically different for collisions occurring in potentials II and III compared with potential 1. These results are also shown in Figs. 2-7. It is apparent that a systematic discussion is difficult if only the quantal results are at hand. At this stage we will describe only the most obvious changes . and defer a more rigorous analysis in terms of the claSSical and semiclassical version of the lOS approximation to Sec. V.
Comparing (I), (II), and (III) in Figs. 2-7 , first of all one observes that the angular range where diffraction oscillations are prominent becomes larger as the potential well depth increases. For a given potential it is largest for the lowest transitions and decreases with j'. However, the angular spacing is almost independent of the rotational transition. Recalling that the high I1j transitions, j' = 18, for example, are classically forbidden at these low angles it is initially astonishing to observe such oscillatory cross section behavior. These oscillations must stem from interference between complex valued trajectories. 42 Next we note that the main rotational rainbow maxima, which are clearly viSible for potential I in the range 4:5 j' :5 10, have almost completely disappeared for potentials II and Ill. Simultaneously, the wide oscillations, which we called supernumeraries in the case of potential I, are, in general, less distinct or even absent, if the well depth is increased. As regards the highest transitions in Fig. 7 , one clearly observes that the cross sections in the forward direction increase by orders of magnitude as one goes from (I) to (III), whereas the reverse is true for the backward direction.
Thus, the overall ascent of the high j' cross sections with the scattering angle is slowest for potential III.
For completeness we show in Fig. 8 the corresponding total, i. e., rotationally summed, differential cross sections. Except for the rapid diffraction oscillations for potentials II and III they are monotonically decreaSing functions of (). The diffraction oscillations of the total cross sections are considerably damped compared with the individual state-to-state cross sec- tions. 43 The total cross section for potential III shows a Shoulder at about fI 0< 20 0 which could be a relic of the more familiar rainbow seen in isotropic potential scattering. Note that the 0 -2 and 0 -4 cross sections for the same potential also show a distinct maximum and a shoulder, respectively, at about the same angle.
The trends in the angular dependence of the stateto-state differential cross sections as the isotropical potential well depth is increased are also reflected in the final state distributions at a fixed scattering angle.
Three examples for fI = 30 0 , 60°, and 90° are shown in Fig. 9 . The three distributions for the largest angle fI = 90 0 are qualitatively quite similar: All exhibit a broad maximum at about jo< 10, the rotational rainbow, and a secondary maximum, a supernumerary rotational rainbow, at lower transitions. The equivalence of rotational rainbow structures in angular and final state distributions has be~n amply discussed. 12 The only difference between the three distributions at 8 = 90° is a slight shift of the main rotational rainbow towards lower transitions if the well depth is increased. The astonishing similarity of the distributions at 8 = 60 0 , extending even to quantitative agreement, is though to be in some part accidental for the three potential energy surfaces lead to qualitatively different j' distributions at the lowest scattering angle fI = 30 0 in Fig. 9 . Here, the distribution for potential I still shows the typical ro- tational rainbow behavior with the maximum now occurring at j' = 4, whereas the distribution for potential III, apart from a slight shoulder at j' = 4 and 6, is monotonically decreasing with j'. While at 8 = 90 0 the exponential decay towards higher transitions sets in earliest for potential I the reverse is seen at 8 = 30 0 ,
where the distribution for potential III is broadest. Closing the discussion of Fig. 9 we stress that for the three potentials rotational rainbows are the dominant features of the j' distributions provided the scattering angle is sufficiently large, i. e., 8 ~ 60. This is in contrast to the angular dependencies discussed in Figs. 2-7. We will come back to this point later in Sec. VI.
The corresponding integral cross sections are plotted against the final rotational state in Fig. 10 . The cross sections for potential I decrease rapidly withj' in the range of low transitions, level off at intermediate transitions, i. e., 6:S j' :s 14, and finally tend to zero as j' is further increased. The relationship between this behavior of the integral cross section and the rotational rainbow feature of the differential cross section has recently been investigated. 44 ,45 The cross sections behave Significantly differently for potentials n and III.
The entire distribution shifts by about Il.j "" 4 to lower transitions as one goes from potential I to III. The broad shoulder at about j' "" 10 for potential I turns into a slight maximum at j' "" 8. In addition, the absolute value of the cross sections in the neighborhood of this maximum increases by approximately a factor of 2. Integral cross section distributions Similar to those for potentials II Also shown in Fig. 10 are the claSSical lOS and the exact trajectory cross sections. The agreement is generally satisfactory but best for potential I. In the next section we will try to explain the structural changes of the various cross sections as outlined above in terms of a rigorous analysis of the classical and semiclassical version of the lOS approximation.
V. RAINBOW ANALYSIS
The structure of the classical lOS cross section is determined by the mapping
as defined in Eqs. 
S(L,y)
,y &y
Note that the right-hand side of Eq. (11) is equal to twice the quantal WKB phase shift for elastic scattering from the potential V(R,y) with L taken to be (1
The mapping (10) is not one-to-one, however. There are typically more than one set of initial conditions (L, y) 
and the claSSical lOS cross section [Eq. (6) ] diverges. This phenomenon is called the classical rainbow. The relevant mathematics is provided by the catastrophe theory of Thom 48 which shows that the structure of the Singularities of the mapping is by no means arbitrary for they can be classified into generic types which can then be smoothly mapped on to certain standard forms. 48-52 In the well studied case of scattering by a purely repulsive anisotropic potential, 7,12 the mapping (10) is of the simplest catastrophe type. The deflection function B (L,y) and the excitation function J(L,y) as obtained from potential I are shown in the upper panels of Figs. 11 and 12. B (L, y) is a monotonically decreasing function of L because the potential is purely repulsive. Contour lines of constant deflection angle -i) and constant momentum transfer J defined by Eqs. (14) is a smooth curve, almost a straight line, in the (L, y) plane (the" state spac e" in catastrophe theory terms 48 ,49). It maps onto the rainbow curve (B R , J R) in the (B, J) plane (the "control space,,48,49), which divides the classically forbidden ("dark") side from the clasSically allowed ("bright") side of the rainbow. Both rainbow curves are displayed in the upper panels of Figs. 13 and 14, respectively. In Fig. 14 (14) and the mapping (10) in the (9, J) plane. The full dots (e) indicate the minimum angle for the respective transition as obtained from the trajectory calculations. The symbols *, 0, and 0 and the labels Q and (3 are the same as in Fig. 13 and are described in the text. The various regions of the (9, J) plane separated by the rainbow curves are labeled by the number of contributing classical trajectories, e. g. , (0), (2), (4), and (6).
the L dependence of the deflection function I1(L,y) for fixed orientation angle y as shown in Fig. 11 . The changes in the classical excitation function J(L, y) are less Significant. Only minor but no structural changes can be seen. The main observation in Fig. 12 is a decrease in the maximum rotational momentum at L = 0 from J max"" 18 Ii for potential I to J max"'" 13 Ii for potential III. This is reflected in the behavior of the differential cross sections (see Figs. 7 and 9) as well as the integral (see Fig. 10 ). Because of the minimum of the classical deflection function we would expect the ordinary rainbow, well known from potential scattering. On the other hand, we would expect from the maximum of the rotational excitation function as a function of y for fixed L (see the insets in Fig. 12 ) a rotational rainbow structure. The "mixing" of both effects will now be discussed in more detail.
Distinct structural changes as one goes from potential I to III are observed in the contour plots displayed in Fig. 13 . The contours for a fixed deflection angle show a deep valley and the most dramatic finding is that the rainbow curve (dashed lines in Fig. 13 ) is divided into two branches. Both branches are reminiscent of the rotational rainbow curve in the upper panel of this figure: one at small and the other at large orbital angular momenta, respectively. The usual rainbow behavior known from potential scattering might be expected at the end pOints at y = 0° and y = 90°. In the intermediate region, however, the functional behavior of the rainbow curve is more complicated and a claSSification into these two rotational and ordinary rainbow types is not possible. This has been pointed out previously by Thomas. 8 , 29 However, a classification scheme is possible if we distinguish the two rainbow branches in Fig. 13 which we will label Q! and {3, respectively. Type Q! rainbows are generated by the small L branch which begins at L = 0 (marked by a star in Fig. 13 ) with backward deflection angle {) = 11 and maximum possible rotational momentum J max' It ends at y = 11/2 (marked by an open square in Fig. 13 ) with minimum possible deflection angle ~1 (which is negative, of course) and J = O. This curve is mapped on to the Q! rainbow curve in the (I1,J) space shown in Fig. 14 There remains, however, the question as to whether the occurrence of both fold and the cusp together corresponds to local views of a higher catastrophe. Preliminary inspection of Figs. 13 and 14 suggests a hyperbolic umbilic catastrophe. 49 We defer a discussion of this interesting question to a future study.
The two rainbow curves divide the (0, J) space into several subregions which we will label (0), ... , (6) according to the number of contributing classical trajectories. In region (0) outside the type Q! ("fold") rainbow we have no real valued roots of Eqs. (7) and (8). This region is classically forbidden and the classical cross section is zero. In region (2) we have two real roots, labeled 1 (+) (small y solution) and 2 (+) (large y solution), which coincide at the type Q! rainbow curve. In region (4) we have two additional contributions with negative deflection angles numbered 1 (-) and 2 (-), which coincide at the rainbow branch between the pOints
. In all these cases the classical lOS cross section has a square root singularity, which is typical of a fold catastrophe. 49, 53 Inside the cusped rainbow curve, region (6) in Fig. 14 , two additional classical trajectories numbered 3 (with the smaller value of y) and 4 (with the larger value of y) contribute to the cross section. They stem from large impact parameters and lead to negative deflection angles. To summarize we have a total of six trajectories in this region, two of them net repulsive and four net attractive.
The situation is illustrated in Fig. 15 (16) i. e., the minima in Fig. 15 .
The six contributing classical lOS trajectories are marked in Fig. 15 for the case j' = 0 and /1 =: 15
•
The labeling is the same as above. If the scattering angle is decreased trajectories 3 and 4 approach each other and coalesce at a scattering angle of about 10 0 (point B),
i. e., on the small angle boundary of the cusped rainbow curve i3 in Fig. 14. With increasing scattering angle trajectories 1 (-) and 3 approach each other until they coalesce at a scattering angle of about 16 0 (point A) on the large angle boundary of the cusped rainbow curve i3 in Fig. 14. For even larger scattering angles trajectories 2 (-) and 4 coincide (point C) on rainbow curve cy and finally only the two repulsive trajectories 1 (+) and 2 (+) survive for all angles. Thus, the classical differential cross section for j' =: 0 will show three rainbows, the maximum number of contributing classical trajectories being six. For 2:s j' :s 6 we are left with a maximum of only four trajectories [1 (±) and 2 (±)] and a single rainbow of type cy. All scattering angles O:s /1 :s 7T are classically allowed and the bright side of the rainbow is found towards smaller scattering angles. For higher transitions 0' 2: 8) we find the typical rotational rainbow behavior: A classically forbidden region at small scattering angles and a clasSically allowed region in the backward direction. Transitions j' 2: 12 are classically forbidden at all scattering angles. A detailed discussion of the various cross sections is given in the next section.
As a first test of the validity of the classical lOS rainbow analysis we compare the rainbow curve of type cy with the boundary found in the exact classical trajectory calculations, i. e., the smallest scattering angle found for a given 0 -j' transition in the computed set of clasSical trajectories. These minimal angles are plotted as dots in Fig. 14 for potentials I and III. Even for potential III which is strongly attractive we find excellent agreement.
VI. COMPARISON OF CLASSICAL AND aUANTAL CROSS SECTIONS
The conclusions arrived at in the foregOing section will be substantiated by presenting classical lOS cross sections obtained from potential III. They will be compared with exact classical trajectory calculations to test the applicability of the lOS approximation and with quantal lOS cross sections to demonstrate possible cussed in Sec. V the rotationally elastic differential cross section displayed in Fig. 16 shows the most complicated structure. It diverges at three rainbow angles:
The first two appearing at scattering angles of about 10° and 16° are of type f3 and belong to the cuspoid curve in Fig. 14. The other rainbow at (}",. 35.5° is of type a.
The agreement between the classical lOS and the exact classical Monte Carlo cross section is generally good.
An exception is the region of very low angles (} :s 10°, where the lOS cross section is smaller by more than an order of magnitude. The origin of this disagreement
is not yet satisfactorily resolved. Firstly, one would expect the breakdown of the CS approximation for the very large orbital angular momenta determining this angular region. On the other hand, we must emphasize that, strictly speaking, the classical lOS cross section corresponds to a 0 -1/2 transition, whereas all trajectories leading to j' hetween zero and one are summed to obtain the quasiclassical elastic cross section. The latter argument is also supported by the good agreement between the trajectory result and the quantal lOS cross section in this low angular regime. Figure 17 shows the differential cross section for the 0-2 transition. In this case the cusped region (compare Fig. 14) is already classically forbidden and only a single rainbow singularity is observed. The strong singularity due to the coalescence of four trajectories expected at the cusp point manifests itself, however, as a pronounced maximum of the classical lOS cross section, which is found exactly in the extension of the cusp line in Fig. 14 toward the j' = 2 cut. This maximum is nicely reproduced by the quasiclassical Monte Carlo as well as the quantal lOS cross section. Such behavior of classical cross sections inside the rainbow region has not been observed before, at least not to the knowledge of the authors. The various contributions to the 0 -0 and 0 -2 classical lOS cross sections are separately plotted in Fig. 21 . The dominant contribution to the rotationally elastic transition inside the rainbow region stems from trajectory 4 (in the classification of Fig. 15 ). The maximum in the 0 -2 cross sections is caused by a single trajectory.
The characteristic maximum found in the 0-2 cross section decreases in magnitude and moves to larger scattering angles with increasing J. For j' = 4 it has already reached the classically forbidden region on the dark side of the a type rainbow and is not observed in Fig. 18 . The rainbow singularity is shifted by about 7° towards smaller scattering angles as compared to the 0-2 cross section. It occurs at zero scattering angle for J <0: 8 Ii, reappears for the higher transitions at positive values of the deflection angle and finally moves to 180 0 as j' increases. This behavior is well known for scattering from purely repulsive potentials (see the upper panels of Figs. 2-7) . In all cases the agreement between exact classical and classical lOS cross sections is very good and thus manifests the accuracy of the lOS approximation. The exception is the rainbow region where the exact classical cross sections show the structural differences discussed recently by Korsch and Richards 54 and Korsch and Poppe. 32 The square root singularity typical for the classical lOS cross section is replaced by a step and a logarithmic Singularity in the exact classical result. ------.-------------r---,--------,-- 10-2
The classical lOS cross section is the skeleton for the quantal cross section which in addition shows tunneling into classically forbidden regions and an oscillation pattern resulting from interference of the various contributions. Both effects could in principle be described with semiclassical approaches by complex continuation into the forbidden regions and by retaining the phase information provided by the classical trajectories. Neglecting these quantal effects can be very serious as one observes for the 0 -4 and 0 -12 cross sections. In the first case the quantal cross section shows a wide minimum between 40° and 80° which results from interference of two contributions as we will demonstrate below. Here the classical cross sections are too large by about one order of magnitude. In the second case the classical cross section is zero for angles below 80°, whereas the quantal cross section extends over the entire range of scattering angles with almost constant value.
In the remainder of this section we will give a brief analysis of the interference pattern in terms of semiclassical mechanics. A full analysis of the semiclassical scattering amplitude including forbidden (i. e. , complex valued) trajectories as well as uniformization of the various fold and cusp catastrophes 50 -52 is beyond the scope of the present article and will be deferred to the future.
Let us first recall the well known interference oscillations in ordinary rainbow scattering by spherically symmetric potentials. Above the orbiting region one has typically a three ray interference pattern: On the bright side of the rainbow three trajectories contribute to the cross section, one with positive and two with negative deflection angles. On the dark side of the rainbow the attractive trajectories are classically forbidden and only the repulsive one with positive deflection angle survives. The oscillation pattern shows wide rainbow oscillations superimposed with fast oscillations. The first ones are due to the interference of the two attractive trajectories and contain valuable iRformation about the curvature of the potential at the minimum. The fast oscillations result from the interference of the repulsive trajectory with the attractive ones.
The primitive semiclassical cross section for a 0 -j' transition is given by? (17) Here the terms in square brackets [ ... ] are the classical contributions and the phase CPv are given in terms of the claSSical action
where s is the Signature of the functional matrix a(8,J)1 a(L, y) and f3= 0 for 8> 0 and {:3= -2 for 8< O.
In the present case considered above we have typically a four ray interference with the exception of the rotationally elastic transition at small angles where up to six trajectories contribute. For j' = 2, 4, and 6 we have four trajectories for scattering angles smaller than the rainbow angle and two otherwise. The phases CPv for the 0 -2 and 0 -4 transitions are plotted in Fig. 22 . They are very smooth functions of the deflection angle (). For a crude quantitative analysis we will use a linear approximation in the small angle region (19) and for j' = 4 we obtain approximately the values at = 64.4 radt , a2 = 60. 6 radt , and () R = 26. 5°. The wide rainbow oscillations arise from interference of the branches 1 and 2 with period (20) leading to A8 w "" 97° for j' = 4. The pOSition of the first minimum is approximately given by (21) and for j' = 4 we obtain 8 m "" 46. 5° in agreement with the minimum of the quantal 0 -4 cross section in Fig. 
18.
The fast oscillations stem from interference of trajectories with negative and positive deflection angles and their spacing is approximately given by A8, = rr/a , (22) where a= 1/2 (at + a2) is the average slope of the phases. This gives A8, "" 2.9° for j' = 4, in good agreement with The wide oscillations depend, however, more sensitively on j'. The phase difference lat -a21 decreases for higher values of j' such that the wide oscillations are no longer observable in the angular distributions.
They are clearly present, however, in the j' distribution at a fixed scattering angle (compare Fig. 9 ). This is obvious from a closer inspection of the classical rainbow curve in Fig. 14 . The upper rainbow curve from (8 = 0°, JIIi"" 8) to (8 = 180°, J Iii!>! 13) is almost horizontal. H we now "sew the flesh on the classical bones" this fold catastrophe is transformed into an Airy-function interference pattern with interference stripes in the classically allowed (bright) Side, which are almost parallel to the rainbow curve. A plot of the cross section at fixed scattering angle 8 is almost orthogonal to the interference stripes and clearly reflects the interference pattern, whereas a cut at fixed j' runs almost parallel to the interference stripes show-ing only extremely wide oscillations, which are barely observable in the angular dependence of the state-tostate cross sections. Two other consequences of this rainbow curve behavior are that the main rotational rainbow maximum is extremely flat in the 9 dependence (or has even disappeared behind the 9 = 180 0 "horizon"), and there is an extremely slow descent into the classically forbidden region.
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